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ABSTRACT

Computed Spectroscopy™ (CS) is a new approach to
hyperspectral imaging recently introduced by the authors
[1]*. The CS technique uses an adjustable optical array,
which can be considered to be a form of delay-and-sum
passive beamformer. Adopting this point of view, such
an array can be analyzed using the (difference) coarray
[2], and a previous publication by the present authors [1]
features a brief coarray-based analysis. In the present
paper we review the Computed Spectroscopy method,
give a coarray-based analysis of the approach, show how
numerical problems arise in the reconstruction of
wavenumber spectra at low spatial frequencies and give a
method for addressing these problems in the
computation.  Additionally, we discuss an improved
approach to discretization of the image formation model.

1. INTRODUCTION

Computed Spectroscopy™ (CS) [1] is a new approach to
hyperspectral imaging for satellite remote sensing that
makes use of an array of optical subapertures, each of
which can be finely adjusted to vary the distance between
the subaperture and the image formation plane. Such
sparse optical arrays have long been considered for
satellite imaging [3, chapter 36] and were recently used
as the basis of a Fourier transform spectroscopy (FTS)
approach to division-of-wavefront imaging spectroscopy
[4,5] by splitting the aperture into two parts. The split
aperture technique was experimentally verified in [6].
Unlike the FTS approach of [4], Computed Spectroscopy
is intrinsically an imaging method; FTS is the point-by-
point application of a well-known method for scalar
spectroscopy. Additionally, and unlike FTS, CS allows
independent use of the subapertures, which in turn allows
computation of wavenumber spectra at higher special
frequencies than the approach given in [4]. (The high
frequency content of the CS hyperspectral image is the
same as that obtained by division-of-amplitude FTS.)

* Lockheed Martin patent pending.

Briefly, the CS™ method makes use of the fact that
an optical array with adjustable subaperture optical path
lengths can synthesize image point spread functions
(PSF’s) that vary with wavenumber. This means that
regions of the image with different reflectance spectra
will have different PSF’s, and an ensemble of
panchromatic images, each with its own setting of the
subapertures, can be used to reconstruct the wavenumber
content of a scene by inverting a standard image
formation model in the spatial frequency domain [1].
FTS, either division-of-wavefront or division-of-
amplitude, also performs computations on an ensemble
of panchromatic images, but the rationale for forming the
images is different from that of CS. Because of the
dependence on a spatially varying PSF, low spatial
frequency regions of the scene, where the effects of
differing PSF’s cannot be distinguished, are not well
estimated. This is also the case with division-of-
wavefront FTS [5]. On the other hand, the division-of-
wavefront approachs (including CS) have an SNR
advantage over the use of a Michelson or other division-
of-amplitude interferometer.

Computed Spectroscopy™ structures hyperspectral
image formation as an image reconstruction (inverse)
problem. In Section 2 of this paper we review CS and
give a coarray analysis of the dimension of the system to
be inverted in the reconstruction. This analysis points
out a computational problem for low spatial frequencies,
which is the result of bias in the induced weights. In
Section 3 we give two numerical procedures for the
estimation of the wavenumber spectra in the presence of
low-pass bias, based on two different discretizations of
the model, and in Section 4 we summarize the results.

2. COMPUTED SPECTROSCOPY USING OPTICAL ARRAYS
The CS method is based on the following model for the
formation of a panchromatic image. The intensity image
due to a monochromatic wavefield with wavenumber k is
given by the convolution of the PSF at wavenumber k
with the intensity source distribution, S(x,k), which is the
hyperspectral data to be imaged. The panchromatic



image is a superposition of narrowband images over the
wavenumber passband, K:

1(x) = j k) dk = IK [P(x; k) OS(x, k)] dk 1)

(See the appendix of the recent paper by Thurman and
Fienup [5].)

The narrowband PSF at k, P(x:k), can be written as
the Fourier transform of the autocorrelation of the
aperture apodization function, C(w;k), which is an
unnormalized version of the optical transfer function
(OTF):
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where the integration region, denoted by CA, is defined
to be the (difference) coarray of the aperture [2].
Expressing the convolution in (1) as a product in the
spatial Fourier transform domain gives

I(X)=J.K [ oy, CODE) Sk e ™ X vk (3)

where §(v;k) is the inverse spatial Fourier transform of
S(x,k) and the limit of integration CA,, represents

integration over the image of the coarray in the spatial
frequency domain under the mapping v=%,. In the

spatial frequency domain CA,, is the support of the
inverse spatial transform of the narrowband PSF at
wavelength A. Taking the spatial Fourier transform (FT)
of both sides of (3) gives the spatial FT of the
panchromatic image as

i(v)= J‘K C(Azv:k) S(v, k) dk 4)

This expression gives the 2-D Fourier transform of a
panchromatic image at a fixed spatial frequency as an
inner product, in the wavenumber domain, between the
spatial FT of the source and a weight function imposed
by adjustment of the subaperture optical path length
parameters. Because both functions are complex, (4) is

actually the inner product of §(v,k) and C”(\zv;k).

If we take L panchromatic images using an N-
subaperture optical array, the weight function in (4) for
the q" image can be expressed as [1]
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for g=1,....L and where X(.) is the spatial autocorrelation

of the subaperture transmittance functions (assumed

identical for all) which is located at a lag equal to the

difference of the correlated subaperture centers, given by

u,. The quantities ijq) in (5) are the adjustable

distances from the n' subaperture to the image formation
plane for the g™ image and correspond to the delay in the
delay-and-sum beamformer interpretation. Note that

each term of the weight function sum is composed of an
amplitude weight modulated by a segment of a complex

exponential with frequency (D% =D

Using (5) in (4), we have L observed images, and the
equations

T,(v)= [ Cqzvi vk ak ©)

for g=1,...,.L, can be solved for §(v,k), which solution

we denote by §(v,k). This is true even if {CE} is not a

basis, in which case this set of equations can be solved in

the least squares sense for the projection of S(v.k) onto
the space spanned by {CE} . (As a practical matter, we

need span only a finite dimensional subspace, since we
will sample the wavenumber spectrum.) This is the
approach taken in Computed Spectroscopy™, and the
dimension of this space is of importance to the
performance of the method.

Dimension of the Induced Basis.

From the point of view of array signal processing, the
most salient feature of optical arrays is that the array
elements are large. In our application, each array
element is a telescope.

Figure 1 depicts a sample optical array and its
coarray [2]. The array elements are annuli because of a
mirror that partially blocks each element’s aperture.
Each of the circles away from the origin in the plot of
Figure 1b is the support of the cross-correlation of two of
the subapertures. The circle at the origin is the support
of the autocorrelations of the subapertures. We call the
circles coarray segments, and each one corresponds to
one or more of the X(.) in (5). Each segment has its own
modulating term, which can be controlled by the
adjustable aperture.

The coarray plot shows that there is a great deal of
redundancy for this configuration, especially near the
origin. Redundancy means that the same point of the
coarray plane is covered by multiple coarray segments.

For every bounded region in Figure 1b, there is a
subset of the terms of the sum of (5) that contribute
weight vectors to the spatial frequencies in that region.
(Each bounded region has constant redundancy.) Note
that the amplitude portion of each term of the sum of (5)
is the same for every component image, and only the
frequency terms can be changed by subaperture
adjustment.

It is remarkable how much more complicated the
coarray analysis is when the elements are large. Even
though there are 37 distinct coarray segments in Fig 1b,
there are literally hundreds of distinct regions with
different redundancies and different induced weights.
This makes the design problem for the {Cy} difficult.
For this reason we generate random sets of aperture



displacements and compare them for the dimension of
the induced weights. We do this only on the grid of DFT
coefficients (see Section 3), which limits the number of
points at which a high-dimensional basis must be
induced. Still, the bases are typically over-determined,
with a number of weight vectors that is greater than the
dimension.

The discussion suggests that the use of minimum or
reduced redundancy arrays might simplify the
specification of the weight vectors. This idea has not
been investigated.

Bias at Low Spatial Frequencies.

Equation (4) for the induced weight vectors can be
partitioned into two sums as in (7) to demonstrate the
reconstruction degeneracy for low spatial frequencies.
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The coarray segments at lag zero are all part of the first
sum in (7); note that these are the same for all
panchromatic images, no matter how the aperture is
adjusted. The segments in the second sum overlap those
in the first sum due to the redundancy depicted in Figure
1. To the extent that the subaperture edges are separated
from each other, there is a small region around the origin
that is not redundant. Only the mean value of the
wavenumber spectrum can be reconstructed in this
region; the same is true for the FTS approach of [4].

This inability to modulate the zero-lag segments
results in the addition of the weight function given by the
first term in (7) to every induced weight function given
by the second sum of (7) for every spatial frequency in
the zero-lag segment. The dimension of the induced
basis is not affected by this, but the system can never be
orthogonal under these circumstances and its inversion
can be a poorly conditioned operation for the lowest
spatial frequencies. Spatial frequencies outside the zero-
lag segment are not affected.

In the next section we will give numerical
procedures for the inversion of the system of (6) for all
spatial frequencies, including those with bias terms.

3. DISCRETIZATION AND NUMERICAL PROCEDURE FOR
THE ZERO-LAG SEGMENT
In order to solve the inverse problem numerically based
on the forward system in (6), the inner products must be
discretized in both spatial frequency and wavenumber.
In spatial frequency, we do this by computing the DFT of
each of the sampled component images. This takes the
place of the spatial Fourier transform that produced (4),

and results in an edge effect that has to be suppressed in
the computed hyperspectral images [1].

For wavenumber discretization, we use the moment
discretization of Nashed [7], which is different from the
approach given in [1]. The new approach rests on the

observation that the computed estimate of §(v, k) will
always be a linear combination of the {Cq }:
N L
S(v.x)= Z b, (V) C, (\zv;k) ®)
q=1
and the estimation problem is equivalent to finding the

{bq}. The set of equations of (6) can be written in the
form of a vector equality for the n™ DFT coefficient

T,(n) IK C,(A\zv(n); k) S(v(n), k) dk
® = : |= :

n
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where v(n) is the analog spatial frequency associated

with the n" DFT coefficient. This can be written as a
matrix equation by substitution of the estimate in the

form of (8) for the quantity §(v(n), k) in (9):
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where we have suppressed the dependence of all the
various terms on the righthand side in (10) on spatial
frequency and have defined the inner products of the
weight vectors as

Com :j C, (Azv(m);k)C,, (\z v(n); k) dk (11
K
Using the obvious notation for (10), we have

® =Cb (12)
The matrix C need not be of full rank. In general, if the
{Cy} span a space of dimension X, then C will have

rank X. In this case a pseudoinverse can be computed
from the SVD that will allow us to express the least-
squares solution to (9) in the form of (8).

The main advantage of moment discretization is that
it requires no assumptions about the weight functions, as
the approach of [1] did. As long as the numerical
integration used to compute the integrals of (11) is
accurate, no assumptions are required.

A discrete wavenumber spectrum estimate in the
form of integrals over a partition of the wavenumber
domain

A

S, :J'Kp S(v(n), k) dk (13)



can be computed from (8) by numerical integration over
the set of bands {K;,...,K;} forming the partition.

Reconstruction with Bias Compensation.
In view of (7), within the zero-lag coarray segment
equation (6) can be rewritten as

1,(v)= IK (cq (Azv;k) +B()\zv;k))§(v,k) dk (14)

where we have used the {Cy} notation for the
controllable part of the weight and added a second term
to represent the bias. This holds everywhere on the
coarray plane with the understanding that the bias is zero
outside the zero-lag coarray segment. If substitute this
equation into (9) and use the result to re-write (10), we
get

b, ) 1
@, =Ch+|[cy, R (15)
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where we have defined
Chaq :'[K B(\zv;k)C, (Azv; k) dk (16)

Denoting the row vector in (15) by cE we have

®, =Cb+(c} b)1
If we multiply both sides by the pseudoinverse of C and
recognize that the inner product is a scalar, we obtain

C*®, =b+C" 1chb=(1+C* 1} )b 17
where we note that the term in parenthesis is a rank-one

update to the identity matrix. If we apply the partitioned
matrix inversion lemma, we get:

+1 T
b= 1—% C' o, (18)
1+el C*1

assuming that CE C" 1% -1, which could be part of the
design criteria for the {Cy}. This computation applies for
all DFT frequencies, with the understanding that ¢z =0
outside the zero-lag coarray segment.

4. DISCUSSION

In this paper we have reviewed the Computed
Spectroscopy™ method presented in [1], and showed
how bias arises in the computation of wavenumber
spectra at low spatial frequencies. This analysis was
framed in terms of the (difference) coarray, which is
segmented into overlapping pieces, each with its own
induced weights. The bias must be dealt with in the
computation in order for acceptable results to be
obtained, and a simple approach to this computation was
given.

The same effect for low spatial frequencies occurs
when the Fourier transform spectroscopy approach is
applied to an optical array in split aperture mode [4,5,6].
In this scheme, every panchromatic component image
represents a specific path length difference between the

two parts of the aperture. According to (7), every such
image has a low spatial resolution component
corresponding to the zero-lag coarray segment. Thus, at
a given image pixel, the ensemble of images represents
the Fourier transform of the wavenumber power
spectrum, plus a constant term. When the Fourier
transform is performed, this constant part is mapped to
the zeroth DFT coefficient. This component can be
ignored, and so eliminated, provided that there is no
leakage of the bias energy into other DFT bins. This is a
well-known problem in classical spectrum estimation and
is generally addressed through the use of a lag window
[8]. The use of a lag window to lower the sidelobes of
the analysis bin filters reduces the spectral resolution.

Thus, in order to prevent leakage while retaining
resolution, the lag domain (that is, the set of path length
differences) must be sampled over a larger range.
However, in a hyperspectral imaging system, the range
of the lag domain sampled is usually already limited by
SNR. This is always a problem with hyperspectral
imaging using FTS, but the presence of the unknown bias
term adds an additional complication.

Note that is not advantageous to perform this bias
removal operation prior to the FT since the bias comes
from the image source and must be estimated. Recall
that the zeroth DFT coefficient is equal to the sample
mean, so that mean subtraction removes energy residing
in the sidelobes of the zeroth DFT filter, producing an
effect similar to leakage.

In general, Computed Spectroscopy™ has an
advantage over FTS in that none of the component
images are necessarily of low SNR, as are the high-lag
images required for high-resolution image domain FTS.
This is because of the difference in the fundamental
method of representing or encoding the wavenumber
spectral information in the panchromatic images. In
CS™ this encoding is done through a variation of high-
sidelobe image PSF, while in FTS, it is a per-pixel
amplitude variation which tends towards zero at large
lags.

The moment discretization approach of Section 3 is
well-matched with CS in that the representation of the
estimated spectra given in (8) retains the continuous
nature of the induced weight functions. This is a primary
point of contrast between CS and FTS. FTS starts with a
sampled observation of the temporal autocorrelation for
each pixel, and computes an estimated wavenumber
spectrum by a DFT, while CS computes a projection onto
a set of continuous basis functions and discretization of
the spectral estimate follows.

Finally, we must emphasize that in any region near
the origin of the coarray plane that is covered only by the
zero-lag segment, only the mean value of the
wavenumber spectrum can be computed. The
computation of Section 3 applies only in regions that are
redundantly covered by higher-lag coarray segments.



For many types of adjustable aperture, the optical array
elements cannot be made to abut, and such a region will
necessarily result.
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Figure 1: a) array geometry, b) locations of coarray segments.



